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Abstract The purpose of this paper is to give some properties of several 
Bernstein type polynomials to represent the fermionic p-adic integral on Z p . From 
these properties, we derive some interesting identities on the Euler numbers and 
polynomials. 

1. Introduction 

Throughout this paper, let p be an add prime number. The symbol Z p , Q p and 
C p denote the ring of p-adic integers, the field of p-adic numbers and the field of 
p-adic completion of the algebraic closure of Q p , respectively (see [1-14]). 

Let N be the set of natural numbers and Z + = NU {0}. Let v p be the normalized 
exponential valuation of C p with \p\ p — p^ v v^ = i. Note that Z p = {x \ \x\ p < 
1} = limZ/p^Zp. 

When one talks of q-extension, q is variously consiered as an indeterminate, a 
complex number q G C or p-adic number g € C p . If q G C, we normally assume 
\q\ < 1 and if q G C p , we always assume |1 — q\ p < 1. 

We say that / is uniformly differentiable function at a point a G Z and write 
/ G UD(Z p ), if the difference quotient Ff(x,y) — ^^-j^^ have a limit /'(a) as 
(x, y) — > (a, a). For / G UD(Z p ), the fermionic p-adic g-integral on Z p is defined as 

, 1 p n -i 

I- q (f) = / f(xW- q (x) = lim — Z« (see [7]). (1) 

In the special case q = 1 in (1), the integral 

/-i(/)= f f(x)d^ l (x), (2) 
Jz p 

is called the fermionic p-adic invariant integral on Z p (see [12]). From (2), we note 

!_!(/!) = -/_!(/) +2/(0), (3) 

where fi(x) = f(x + 1). 
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Moreover, for n E N, let f n (x) = f(x + n). Then we note that 

/_!(/„) = (-i)"M/)+ 2j2(-ir- i - i f(i). (4) 

1=0 

It is well known that the Euler polynomials arc defined by 

9 00 t 

—c^E^Or)-, (see [1-14]). (5) 

In the special case, x = 0, £"„(0) = _E„ are called the n-th Euler numbers. 
Let f(x) = e tx . Then, by (3), (4) and (5), we see that 

/ z (x+v)t ^-M = ^ r — l e xt = Y. E ^)-r (6) 

Let C[0, 1] denote the set of continuous functions on [0,1]. For / G C[0, 1], 
Bernstein introduced the following well-known linear positive operator in the field 
of real numbers R : 



(7) 



B„(/ : x) = £ /(-) fj^fl - x) n - k = /(-)B M W, 

where (») = "("-!)-("-*+!) = (see [1, 2, 5, 9, 10, 14]). Here, B n (/ : x) is 

called the Bernstein operator of order n for /. 

For k, n e Z + , the Bernstein polynomial of degree n is defined by 



B k , n = Qx fc (l-x)"- fc , for xe [0,1]. 



(8) 



For example, £0,1(2) = 1 — x, B\ t \(x) = x, Bq^{x) = (1 — a;) 2 , B\^{x) — 2x — 2.x 2 , 
B2,2(x) = x 2 , . . ., and B ktU (x) = for n < k, B k>n {x) = B n _ fei „(l - x). 

In this paper, we study the properties of Bernstein polynomials in the p-adic 
number field. For / G UD(Z, p ), we give some properties of several type Bernstein 
polynomials to represent the fermionic p-adic invariant integral on Z p . From those 
properties, we derive some interesting identities on the Euler polynomials. 

2. Fermionic p-adic integral representation of Bernstein polynomials 
By (5) and (6), we see that 

9 00 j-n 

^e<->' -2>(l->a- (9) 

71=0 

We also have that 

?__ e (l-x)t = 2 e -xt _ z? <'^ (~ 1 )" *n 



e* + l 1 + e-*" ^ ™ ! 



= E^( a; )V-* n - (10) 



From (9) and (10), we note tht E n (l — x) = (—l) n E n (x). It is easy to show that 
E n (2) = 2-J2(^jEi = 2 + E n , for n > 0. (11) 



3 



By (5), (6), (9), (10) and (11), we see that for n > 0, 

/ (l-aO n dp_i(a;) = (-1)"/ (z-l)"d M -i(z) 

(x + 2) n d^ 1 (x) 



2+ f x n d / j,_ 1 {x). 



Therefore, we obtain the following theorem. 
Theorem 1. For n 6 N, we have 



(l-x) n dfj,- 1 (x) = 2 + / x n dn- 1 {x) 



Theorem 1 is important to derive our main result in this paper. 
Taking the fermionic p-adic integral on Z p for one Bernstein polynomial in (8), 
we get 

/ B kin {x)dn-x{x) = f (l)x k (l-x) n - k d^ 1 (x) 

E( n T*V-i) n - fc - j / x^d^{x) 



■k 



3=0 

,-k 



3=0 

Therefore, we obtain the following proposition. 
Proposition 2. For k,n e Z+, we have 

i — k 



It is known that B kiTl (x) = B n _ k>n (l — x). Thus, we have 

/ B k>n (x)dfi- 1 (x) = / B n - k . n {l - x)dn-i(x) 
Jz„ Jz„ 



(12) 



k 

n 



n — k 



(l-x) n - j d(j,-i(x). 
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By (12) and Theorem 1, we see that for n > k, 

jf B^d^x) = Q^Q(-i)*-i(2 + jf x^dn-^x)) 

= ©E(-)(- 1 ) fe - j ( 2 +^) ( 13 ) 

( 2 + E n if fc = 0, 

I a)E-=o(-)(-l) fe - j ^ if k>0. 

From (13), we obtain the following theorem. 

Theorem 3. For n,k E Z + with n > k, we have 



f f 2 ~ 

^ B fe ,„(a;)^_i(.T) = <^ 



2 + £„ If * = 0, 

(I)E}=offi(-l)*-^-i */ fc>0- 



By Proposition 2 and Theorem 3, we obtain the following corollary. 
Corollary 4. For n,k e Z + wit/i n > k, we have 



For to, n, k G with to + n > 2/c, fermionic p-adic invariant integral for multi- 
plication of two Berstein polynomials on Z p can be given by the following relation. 



/ B k , n (x)B k , m (x)dfI-l(x) 



L (fc) 



x k (l - x) n - k ( ™ \x k {\ - x) m - k dii_ x {x) 



k \ k 



- ( n \( m \ I X ^(l- X )n+m-2k dfI _ i{x) 



n\ ( mX ( 2k 



k V fc 



■ n \ J J Jz„ 



3=0 

2 + if fc = 

2fe /2fe 



I G)(T)E-=o(T)(- 1 ) j+2fe ^ + ^ if fc >°- 

Therefore, we obtain the following theorem. 



Jz, r 



Theorem 5. For m,n,k G Z+ with to + n > 2fc ; we /iaue 
B k ,n{x)B k , m {x)diJ,-i(x) 

(2 + E n+m if k = 0, 

= I (I) (T) Ej= (?) (-ly+^JWj */ fc > o. 

For to, n, fc G Z + , we have 

Bfe,„(a;)S fem (a;)dAt_i(a;) 



a; 2fc (l-a;) n+m - 2fc d/i_i(a;) 

ro+m— 2fc 



,_n \ 3 J J1 V 



(x) 



3=0 
n-\-rn — 2k 



3=0 

Thus, we obtain the following proposition. 
Proposition 6. for m, n, fc G Z + , we /iGwe 

j[ fl M (*)B*, m (*)**-i(») - Q (7) "if ( n + ™ " 2fc ) (-i)^, +2fe . 

By Theorem 5 and Proposition 6, we obtain the following corollary. 
Corollary 7. For m,n,k G Z + wif/i m + n > 2k, we /love 

" + f 2fc ( n+ T 2fc )(-^ + - 

f 2 + £ n+m fc = 0, 

= I E, 2 =oC fc )(-i)-'' +2fe ^ +m -, if k>o. 

In the same manner, multiplication of three Bernstein polynomials can be given 
by the following relation : 



■I : 



B ktn (x)B kim (x)B kta (x)diJ,-i(x) 

n-\-m-\-s — 3k 



GOO g (" + *"r 3 vi <»> 



3=0 
n+m+s — 3k 



k J \ k I \k I *r~L V 7 
where to, n, s, k G Z + with to + n + s > 3k. 
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For m, n,s,k G Z+ with to + n + s > 3k, by the symmetry of Bernstein polyno- 
mals, we see that 

B k ,n {x)B k ,m {x)B k , a {x)dn- 1 (x) 
\ / \ / \ 3fe /q; 

II \ I III \ / .S \ y-v / ../. 

3fc 



kj\kj\k 



£ ( 3 *) (— i) 3fc_: ' jT (i - a; )" +m+s --'d A1 _ 1 (x) 



j=0 

f 2 + £„ +m+s if fc = 0, 

= I G) (?) E, 3 = (?) HrWj if * > o. 

Therefore, we obtain the following theorem. 

Theorem 8. For m, n, s, k G Z + wif/i m + n + s > 3fc ; we /icwe 



Sfc,„(x)S fc!m (a;)S fc!;s (x)d^_i(x) 

f 2 + £„ +m+s i/ k = 0, 

= I G) (7) £ 3 =o (?) (-i) 3fe -X +m+s -,- */ * > o. 

By (14) and Theorem 8, we obtain the following corollary. 
Corollary 9. For to, n,s,k G Z + with m + n + s > 3k, we have 

E ( n+m Y " 3fc )(-D^ + 3 fe 

{2 + £„ +TO+s «/ fc = 0, 

E;= ( 3 /)(-l) 3fc -^n +m+a -i i/ fc>o. 

Using the above theorems and mathematical induction, we obtain the following 
theorem. 

Theorem 10. Let s G N. For ni, U2, . . . ,n s ,k G Z + with n\ + ri2 + ■ ■ ■ + n s > sk, 
the multiplication of the sequence of Bernstein polynomials Bk ;ai (x), ■ ■ ■ , Bk lUs (x) 
with different degrees under fermionic p-adic invariant integral on Z p can be given 
as 



j \ Y\ B k,ni{x)\ dn^x{x) 



"P \i=l 

2 + E ni+n2+ ... +ne if k = 0, 

(UU Ck)) Ejto (?)(-l) Sfe -^„ 1+ n 2+ ...+n 5 - j if k > 0. 
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We also easily see that 



J z (fl B ^ x ^j ^-iW ( 15 ) 

By Theorem 10 and (15), we obtain the following corollary. 

Corollary 11. Let s 6 N. For ni, n 2 , . . . ,n 8 ,k E Z + with m + n 2 H hn s > sk, 

we have 

mH hn s -sfc / . «. 

f 2 + E, ll+n . 2+ ... +ns if fc = 0, 

= I E;=0 (t)(-l) afc -^n 1+ n a + ... + ™.-J i/ fc > 0. 



Let mi, . . . , m s , ni, . . . , n s , k G Z + with mini + • • • + m s n s > (mi + • • • + m s )k. 
By the definition of (or), we easily get 



n(fc) j e (-i)*^™ 4 -^ (i-*)^""" 4 -^-!^) 



n(fc) ) g ( Ei f ( - 1)feELiroi " j(2+ ^— - } 

2 ~\~ E 7nini -\ \-m s n s if fc = o, 

(n:=i c?n Eg- imi e^-K-iFL.-.-^^^,^ if k > o. 

Therefore, we obtain the following theorem. 

Theorem 12. Let s G N. For mi, ... , m s , ni, . . . , n s , fc G Z + wif/i mini + • • • + 
m s n s > (mi + • • • + m s )k, we have 

2 ~t~ ^minH h?™ s n s v ^ ~ ~ ^7 

(n:=i ran E?5- imi (^r^c-i)^ 4 —^^^,-,- * > o. 
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By simple calculation, we easily get 

/ (n^ ro ;>)Wi(*) 



"p \i=l 



- n 



y^f_ 1 riirrii—k E S =i 771 i 

E " 

3=0 



where mi, ... , m s , m, . . . , n s , k € Z + for s € N. By Theorem 12 and (16), we obtain 
the following corollary. 

Corollary 13. Let s E N. For mi, . . . , m s , m, . . . , n s , k E Z + with mini + ■ ■ ■ + 
m s n s > (mi + • • • + m s )k, we have 



3=0 



if k = 0, 



3=0 



The fermionic p-adic invariant integral of multiplication of (n + 1) Bernstein 
polynomials, the n-th degree Bernstein polynomials B^„(x) with i = 0,1,..., n 
and with multiplicity mo, mi, ... , m„ on Z p , respectively, can be given by 



p \i=0 / 

= ^n(") ^ Er = i4mi ( i -^)™ i: "= om ^ Er = i4mi ^-i(^) 

(n™- ( n ) m *) /• 



where m , mi, . . . , m„ e Z + with n E 1+. 

Assume that nm + nmi + • • • + nm n > mi + 2m 2 



nm n . Then we have 



new mm-iw 

- 3 \i=0 ) 

2 ~\~ E nmo -i rnmi -\ ^nm n if 0? 

(niu CP) Eg 1 imi (-^ im ^E n ELo mi _ EILi imi 

if Yh=i im i > 0- 
Therefore, we obtain the following theorem. 
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Theorem 14. Let n G Z+ . 

(I) For mo, mi, . . . , m n G Z+ n^" =0 m, > E"=i * TOi ? we have 



p \i=0 / 

2 ~~r~ ^nmo+nmH j-nm^ 



*/ E"=i = °' 

(IE=0 CP) Eg 1 ^) (-1)^ — ^ Etc mi-E?=i - 

if EIU * TO * > °- 

For to , mi, . . . , m n G Z + , we /iaue 



n / \ ■m i \ n E™=o m i ~ E"=i * m i / v^n v-^™ ■ \ 

lift) I E (" E '- m '- E '- !m ')(-i)^i:»,.. 



J=0 



By Theorem 14, we obtain the following corollary. 
Corollary 15. For n, mo, mi, . . . , m„ G Z + ™E"=o m, > EILi * m *' we ^ a?;e 
"E? =0 m *-E"=i im i 



E '( nEr = om 7 Er - im ')(-i)'^,.-« 



2 "i" F nm() ^ rnmi ^ ynm n 



•)(-l)EJ 



™Er=o mi- ^r=i'' 



*/ E"=i = °> 



*/ E"=i > °- 
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